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In the hessence dark energy model, the critical point of the autonomous system with the field
Φ = 0 for the inverse power law potential corresponds to the future Big Rip of phantom universe.
The existence of the interaction term C doesn’t change the critical point if it behaves as C ∼ τp








The dark energy and dark matter models with a cer-
tain symmetry [1, 2, 3] may be thought of as the gener-
alization to the quintessence [4]. When negative kinetic
energy of field is adopted, from the quintessence one can
have the phantom model [5] by replacing 12φ
2 with − 12φ2.
For the expanding universe dominated by phantom (for
simplicity, phantom universe), the energy density always
increases. The properties of phantom energy and phan-
tom universe has greatly been studied [6]. One possible
evolution result for an expanding phantom universe is
that the energy density will approach its upper bound, a
finite value, another one is that both the energy density
and the scale factor will grow unboundedly and become
infinite in a finite time, that is, the expanding phantom
universe may evolve to the future Big Rip singularity
[5, 6, 7, 8, 9, 10].
One can consider the dark energy model of many
scalar fields. In the model combining a phantom and
a quintessence field [11, 12, 13, 14], the state of equa-
tion w shows the interesting evolution properties, such
as, the possible transition from w > −1 to w < −1. The
hessencee model can be equivalent to the SO(1, 1) model
[11, 14], this may be seen from the expressions for the
pressure and the energy density. In Ref. [15], authors
studied the evolution of hessence dark energy for the ex-
ponential and inverse power law potentials. By using the
method of phase-space analysis, they approach the crit-
ical points of the autonomous system, where the fields
are infinite except for the case of E.I.2. We have stud-
ied the SO(1, 1) model for the exponential and inverse
power law potentials, and find for both cases there ex-
ist the late-time phantom phases [16, 17]. For the former
case, it has no Big Rip even though the universe is driven
by phantom energy at late times [16], while for the latter
case it will have. In this paper, we will reanalyze the au-
tonomous system for the hessnece model or the SO(1, 1)
model, and find the critical point with Φ = 0 for inverse
power law potential. Such a critical point corresponds
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to the Big Rip of the phantom universe. By consider-
ing the perturbation on the critical point, we obtain the
eigenvalue equation with some coefficients being infinite.
We find that both for having no interaction and for some
special interactions, it has positive roots, this implies the
critical point is unstable.











(ρΦ + ρm + pΦ + pm), (2)
where




2 and ρc = − 12 Q¯
2
Φ2a6 with Q¯ being the
SO(1, 1) charge [11], k =
√
8piG, pm and ρm are the pres-
sure and energy density of matter, respectively. Gener-
ically, one can consider the equation of state of matter
as pm = (γm − 1)ρm with 0 < γm ≤ 2 the barotropic in-
dex. The energy-momentum conserved equation for the
total energy may split into the following two equations
for dark energy and matter
ρ˙Φ + 3H(ρΦ + pΦ) = −C, (4)
ρ˙m + 3H(ρm + pm) = C, (5)
where a dot denotes the derivative with respect to time
and C denotes the interaction term between matter and
hessence field. When C = 0, both two components satisfy
the conserved equations.
























2where sign ”±” in the definition of x reflects the behavior
of Φ that increases or decreases with time. Defining N =
ln a, then from (1)-(6) one has the following dynamical
equations, or the autonomous system [15]
x′ = 3x(x2 − v2 + γm
2
z2 − 1)− w−1v2 − κV,φ√
6H2
− C1,
















) + C2, (7)
w′ = x,
v′ = 3v(x2 − v2 + γm
2









, a prime de-
notes the derivative with respect to N and a comma the
derivative with respect to φ.
II. CRITICAL POINT CORRESPONDING TO
BIG RIP
Consider the inverse power law potential
V = V0Φ
−n, (8)
where 0 ≤ n < 2 and V0 are two constants. For this
potential, the system of equations (7) reduces to
x′ = 3x(x2 − v2 + γm
2
z2 − 1)− w−1(n
2
y2 − v2)− C1, (9)









) + C2, (11)
w′ = x, (12)
v′ = 3v(x2 − v2 + γm
2
z2 − 1)− xw−1v. (13)
For the system characterized by (9)-(13), we find that
there exists the following critical point
(x¯, y¯, z¯, w, v¯) = (0, y¯, 0, 0, v¯), (14)
with y¯ and v¯ being given by
y¯2 − 2
n
v¯2 = 0, (15)
y¯2 − v¯2 = 1. (16)
It is important that note that at the critical point x¯ and
w¯ satisfy
w¯−1x¯ = − 6
n
v¯2. (17)
In what follows, we will verify the existence of such a
critical point for the inverse power law potential. For this
potential, (4) reduces to
Φ¨ + 3HΦ˙ + Q¯2Φ−3a−6 − nV0Φ−(n+1) = −CΦ˙−1. (18)










Φ¨ + 3HΦ˙ + CΦ˙−1
Q¯2Φ−3a−6
. (20)









































For C = 0 the quantities η1, η2 and ξ are some small
quantities at late times. Approximately to the lowest
order the field and the scale factor are









6 , A0 = (nV0Φ
2−n
0 )
− 16 . (27)
Eqs. (26) and (27) show that approximately to the lowest
order the field and the scale factor are the same as those
shown in [17]. Now, in order to show the corrections to
3the late-time field and scale factor from the existence of
the matter we calculate them to higher order.
For our convenience, let us rewrite Φ and a shown in
(26) and (27) as ΦL0 and aL0, where the subscript L
denotes late-time and 0 the lowest order approximation.
For doing this, we need to calculate the three parameters
η1, η2 and η3. From the late-time matter density
ρmL = ρm0a
−3γm




with B0 = ρm0A
−3γm
0 and ρm0 being a certain constant







−γm(tbr − t) 2−nn γm+2. (29)
The other two parameters η1 and η2 are





2(tbr − t) 4n . (31)
Noting that δ ≃ √1− n2 (1 + n2(2−n)η2), √1 + η3δ2 ≃
















2− n ]. (32)
Let us write the late-time solution of (32) as
ΦL = ΦL0 +Ψ, (33)
with Ψ a small quantity of higher order. Substituting it
into (32) yields




















γm > 0 for n < 2 and γm < 2. Ne-
glecting the term related to η2 and then integrating Eq.
(34) yields



















From (35), one can see that Ω is always a small quantity
for n < 2 at late times. For γm = 2 the parameters η2
and η3 have the same behavior as τ
4
n at late times, the











(2 − n)2 ]τ
4
n .
Putting (35) in (19) yields the late-time scalar factor










VL ≃ V0Φ−n ≃ 2(2− n)
3n2κ2
τ−2(1− 2Ω), (37)






Note that the late-time Hubble parameter HL ≃
2−n
3n τ
−1[1 + τΩ˙] ≃ 2−n3n τ−1. From ΦL, VL and ρcL, we
obtain the explicit expressions for the late-time x, y, z,











yL ≃ [2(2− n)]
1
2




















vL ≃ [n(2− n)]
1
2
2− n . (43)
Here, we have only considered the leading terms of x,
y, z, w and v, this is enough for analyzing the late-time
behaviors of x, y, z, w and v. From Eqs.(39)-(43), it can
be found that y and v are two nonzero constants at τ = 0,
while x, z and w have zero of order 2
n
















n ≃ 0, (44)
y′L ≃ 0, (45)
z′L ≃ Cτ
2−n










n ≃ 0, (47)
v′L ≃ 0. (48)









(0, 0, 0, 0, 0) at τ = 0, i.e., the system (9)-(13) has the
critical point at t = tbr. The above analysis shows
that for the inverse power potential there does exist the
critical point of the autonomous system determined by




2−n and v¯ =
√
n
2−n . They change with n, as
n→ 0, y¯ → 1 and v¯ → 0, and as n→ 2, y¯ ≃ v¯ →∞.
There may exist the same critical point as above for
the existence of some interactions between the Φ field
4and the matter. For these cases, the parameter η1 is
still a small quantity. Rewrite the term w−1(n2 y
2 − v2)





n η1. This im-
plies that if η1 behaves as η1 ∼ τm with m > 2n at
late times, then (39) will still hold valid. According
to (20), there is η1 ≃ CΦ˙−1Q¯2Φ−3a−6 ∼ Cτ3 for the non-
vanishing interaction. Writing C ∼ τp at late times,
then η1 ≃ τp+3, so p > 2n − 3 should be required so that









, one has C1 ∼ τp+3− 2n
and C2 ∼ τp+3− 2−nn γm2 . In order that the terms C1 and










for γm ≤ 2 and n < 2. For
the interaction C = ακρmΦ˙ with α and κ two constants
[18, 19, 20] and C = 3ηHρm with η a constant [21], there




γm− 1 and p = 2−nn γm− 1, respectively,
which clearly meet the requirement for p.
III. STABILITY ANALYSIS TO CRITICAL
POINT
One may analyze the stability of the autonomous
system by calculating the eigenvalues of the pertur-







2−n ) with u = w
−1 having a pole of
order 2
n
at τ = 0, writing (x, y, z, u, v) as (x¯ + δx, y¯ +
δy, z¯ + δz, u¯ + δu, v¯ + δv) around the critical point and
using y2+x2− v2 = 1, then one can obtain the following
equation for perturbation modes
δX ′ =MδX, δX = (δx δy δz δu)T , (49)
where symbol T denotes transpose of matrix, and M =




− 1)z¯2 − y¯2]− 2u¯x¯, (50)
m12 = −6[x¯y¯ + (2− n)y¯u¯], (51)
m13 = [3(γm − 2)x¯− 2u¯]z¯, (52)
m14 = −[x¯2 + (1− n
2













m32 = −6y¯z¯, (58)
m33 = (γm − 2)z¯ + 3[(γm
2
− 1)(z¯2 − 1)− y¯2], (59)
m41 = −u¯2, m44 = −2u¯x¯. (60)
For (49), the eigenvalue equation reads
λ4 + Pλ3 +Qλ2 +Rλ+ c = 0. (61)
where
P = −(m11 +m22 +m33 +m44), (62)
Q = m11m22 + (m11 +m22)(m33 +m44)
+m33m44 −m12m21 −m13m31 (63)
−m23m32 −m14m41,
R = −m11m22(m33 +m44)−m33m44(m11 +m22)
+m12m21(m33 +m44) +m23m32(m11 +m44)

















n , yL ≃
√
2















n . For elements mij of matrix, we only need
to consider the highest order. Keeping the leading term,
at τ = 0 the elements of matrix M are taken as
m11 = −2u¯x¯− 3y¯2 = 6
2− n, (66)
m12 = −6(2− n)y¯u¯ = −6
√
2(2− n)U0τ− 2n , (67)
m13 = −2u¯z¯ = −2U0Z0τ 2−n2n (γm−2), (68)









































m33 = −3(y¯2 − 1 + γm
2





m41 = −u¯2 = −U20 τ
−4
n , (76)
m44 = −2u¯x¯ = 12
2− n. (77)
From the above, one can see that the four diagonal
elements of M are finite and nozero, the three elements
m12, m21 and m41 are infinite at late times and have
poles with different orders at τ = 0, and all the others are
infinitesimal at late times and have zeros with different
orders.
From Eqs. (66)-(81), the coefficients of equation (61)
are given as
P = 3− 3
2
γm, (78)
Q = −m12m21 = −6nu¯2, (79)
R = m12m21(m33 +m44)−m12m24m41 = ξu¯2, (80)
c = m12m24m41m33 −m12m21m33m44 = ζu¯2, (81)
where ξ = 6n(3 − 32γm) and ζ = 1082−n ( n2−n + γm2 ). For
(61), the four solutions are
λ1,2 =






Eqs. (82) and (83) implies that the critical point is un-
stable.
In the above discussions, we have discussed the case of
C = 0. In in order to check the stability of the critical
point, let us consider the case of the interaction C 6= 0.








2αxz, for which δC1 =
√





2αx¯δz. In this case, m13 = [3(γm − 2)x¯ −




2αx¯ and m31 =
√
3
2αz¯. Clearly, for this case the
leading terms of the four coefficients P , Q, R and c of
(61) don’t change and thus there are the same eigenvalues
as the case C = 0.






2ηz, and δC1 = − 32ηx¯−2z¯2δx+ 3ηx¯−1z¯δz and
δC2 =
3
2ηδz. In this case, there arem11 = 3[(
γm
2 −1)z¯2−
y¯2]−2u¯x¯+ 32ηx¯−2z¯2, m13 = [3(γm−2)x¯−2u¯]z¯−3ηx¯−1z¯
andm33 = (γm−2)z¯+3[(γm2 −1)(z¯2−1)− y¯2]+ 32η. First,














0 , m13 = −2u¯z¯ − 3ηx¯−1z¯ =
−2U0Z0−3ηX−10 Z0 and m33 = −3y¯2+ 32η = − 62−n+ 32η.










2η, which is still finite, and thus the










(γm−2), m13 = −2u¯z¯ − 3ηx¯−1z¯ =
−(2U0Z0 + 3ηX−10 Z0)τ
2−n
2n (γm−2) and m33 = −3(y¯2 −
1 + γm2 ) +
3
2η = −3( n2−n + γm2 ) + 32η. For this case, the








for γm < 2, and Q, R and c are still left unchanged.
For Eq. (61), one can consider the following two kinds
of solutions: (1) λ is finite; (2) it is infinite. For the first
case, (61) reduces to
Qλ2 +Rλ+ C = 0, (84)
which gives the solution (82). For the second case, it
reduces to
λ2 + Pλ+Q = 0. (85)
Note that 2−n
n
(γm− 2)+ 4n > 2, which implies Pu¯2 = 0 at









It must be pointed out that one should use the field
expression (33) in calculating the late-time x, y, z, u and
v when the matter is taken into account. For example,
noting that Eq. (35) and HL ≃ 2−n3n τ−1[1 + τΩ˙], one
can have yL ≃ [2(2−n)]
1
2
2−n + O(Ω) at late times. Some
elements of matrix, such as m14, should also be modified
since Ω and z2 tend to zero in the same way as τ → 0.
Nevertheless, the modification to the elements of matrix
doesn’t affect the resulting conclusion due to the fact that
the leading terms of P , Q, R and c don’t change.
6To sum up, in the SO(1, 1) model the Big Rip will
occur for the inverse power law potential. It has been
seen that the Big Rip corresponds to the critical point
of the autonomous system. The critical point is unsta-
ble indicates that the Big Rip should be unstable. It is
also checked that for some special interactions there is an
identical conclusion.
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